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Abstract

An information-theoretic method is described for automatically determining the best number of
clusters. It is motivated by Rissanen’s minimum description length principle that states the best
representation is the one with the fewest bits. The method is evaluated using two different clustering
algorithms: a mode finder based on scale-space algorithm, and a vector quantizer (VQ). Synthetic, single-
and multi-band image clustering examples are presented. Clusterings produced by the mode finder are
shown to better correspond to distinguishable surface categories in the scene than those produced by the
VQ algorithm. VQ clusterings are evaluated within an anomaly detector, which detects manmade
object/changes as spectral outliers within a set of background clusters. It is shown that the optimal VQ
clustering (the one with the fewest bits) produces the best detection performance.

1. Introduction

Image clustering is important in land use/land cover classification, object/change detection, and other
remote sensing and imagery exploitation applications. Bezdek and Pal (1998) address key questions related to
assessing structure in data, data models, clustering algorithms, and determining the best clustering. Different criteria
for judging optimality have been proposed. For example, the modified Hubert statistic measures the goodness of fit
against a model, the Davies-Boulin index is a function of the ratio of the within-cluster scatter to the between-cluster
separation (Bezdek and Pal 1998), Rissanen’s minimum description length (MDL) principle (Rissanen 1984) seeks
the model with the smallest number of bits needed to represent it.

Of specific interest here is automatically partitioning multiband images into a set of clusters for object and
change detection. Cluster-based anomaly detection (CBAD) uses the Mahalanobis distance within a cluster as the
basis for detecting manmade objects and changes in imagery (Carlotto 2005). Experimental results show detection
performance — probability of detection (Pd)/false alarm rate (Pfa) — varies with the number of clusters. Our goal is to
develop a method that finds the number of clusters that maximizes performance. Toward this end, apply Rissanen’s
MDL principal for picking the ‘best’ number of clusters for a given image.

Section 2 describes two clustering algorithms (vector quantizer and mode finder), within which we develop
and test the automatic clustering method. The automatic clustering method is based on finding the number of
clusters that requires the fewest bits. The number of bits is shown (Section 3) to be approximately equal to the
number of bits to encode the cluster map, plus the number of bits to encode the rms error between the data and the
assigned cluster. Sections 4-6 provide examples on synthetic, single- and multi-band Tkonos image data. Section 7
addresses the application of the method to cluster-based anomaly detection.

2. Clustering Algorithms

The automatic clustering approach is evaluated within two different clustering algorithms. The first is a
vector quantizer (VQ) that decorrelates the image data with a principal components (PC) transformation, and applies
a scalar quantizer to each PC image. A block quantizer combines individual PC results, where the number of bits
assigned to each dimension depends on its entropy. Carlotto (2005) describes this approach and how it is used by
CBAD. The second algorithm is a mode finder (MF) that uses a scale-space filtering technique (Carlotto 1985)
instead of a scalar quantizer.

A scalar quantizer assigns image pixel values one of R levels

x" r|xr#x<x”, (1)

The levels are chosen so as to minimize the mean-square quantization error
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where p(X) is the probability density of the image. Fig. 1 shows a single band image (a) over Abu Simbel in Upper
Egypt, and its histogram (b). The image was divided into R =3 levels (clusters) by the VQ algorithm. Fig. 1d shows
the mapping of image values to VQ levels (dotted line) superimposed on the histogram (solid line); Fig. 1c shows
the VQ level image (stretched for display purposes). The sharp peak in the histogram represents water (black pixels
in Fig. 1a). Notice how the VQ algorithm splits the water in half.

7c) Quantization interval image e) Gaussian mode image

a) Abu Simbel? (© Space Imaging LLC)
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Fig. 1 Comparison of scalar quantization and scale-space algorithms

The scale-space algorithm approximates the probability density by a Gaussian mixture:

P = 3 PN (,.0,) 3)

r=0

The parameters of the mixture are first estimated from the zero-crossing locations of the second derivative of the
histogram smoothed by a Gaussian, p(x)" N (0,#). Zero-crossing locations are points of inflection in the histogram
and are indicative of the presence of underlying components or modes in the data. Varying the scale parameter *
controls the number of modes. The zero-crossing values are used to compute initial estimates of the mixture
parameters that are subsequently refined using expectation maximization (EM). Fig. 1f shows the mapping of image
values to R= 3 modes (clusters). The scale-space MF result (Fig. 1e) better describes the structure of the scene with
different surface categories assigned to different modes (clusters).

3. Determining the Optimal Number of Clusters

Assume we are operating within the VQ clustering framework. Let N be the number of dimensions and R
be the number of clusters. Without changing the information content, the image data X can be rotated using a
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principal components transform. If the data are uncorrelated, a block quantization scheme can be used to vector
quantize by dimension. Along the Nn-th dimension, the data are quantized into R, intervals where

ﬁ R, =R “4)

If D, is the dynamic range of the data in the n-th dimension, at most log, D,, bits are required to encode the
quantization value of each VQ code word (cluster) along that dimension, with

N
ER" log, D, (5)
n=1

bits required to represent all of the code words. Additionally,

N
n

log, R, (6)

n=l

bits are required to specify the number of quantization levels in each dimension, and log, N bits are required to
encode the number of number of dimensions. The total number of bits to represent the clusters is thus:

N N
B, =log, N + ¥ log, R, + ) R, log, D, (7)
n=1 n=1

The number of bits to encode an image pixel is equal to the number of bits to encode the pixel label (code
word) plus the number of bits to encode the error. The minimum mean-square quantization error is (Pratt 1991):

e:Tr{E[xxT]—EP[XC Dr]m,mf} ®)

r=l

where m, is the centroid of the r-th decision region D,, and P[Xx C D, ] is the probability that an image pixel is in
the decision region. The number of bits to encode the error is (on average)

B, = logz(w/g). )]

bits per pixel.
Huffman coding assigns fewer bits to pixels in clusters (i.e., to code words) that occur more frequently. The
average number of bits to encode the pixel label (i.e., the cluster) is

R
B=-) plog, p, (10)
r=1

where p, =P[x" D,] is the probability (relative frequency) of the r-th cluster. If the frequency of clusters is used

as the basis for assigning Huffman codes, clusterings containing a large number of small clusters will occur. To
discourage this behavior we assign

B, =log, R (11

bits to encode R pixel labels irrespective of their relative frequency.
If L is the number of pixels in an image, the length of a representation consisting of R clusters is:



Bow(R =B(R +L[B.(R +B(R). (12)

When L is large and B,(R) << L[B,(R) + B/(R)], the objective function " ;(R) = B,(R) + B;(R) can be used to decide
among alternative clusterings based on the description length. Although the number of bits to encode a different
clustering model (e.g., mixture model) is different than B_ (R) as described above, (12) is still valid when L is
large.

As the number of clusters increases the number of bits needed to represent the error decreases as the error
decreases, while the number of bits to represent the label map increases. To minimize the description length, we pick
the clustering that minimizes

R :arngin{QL(R)} (13)

When sufficient structure exists in the data, (13) decreases as the number of clusters increases, and then increases,
with R* occurring at a well-defined minimum in the objective function.

4. Gaussian Mixture Example

An image containing 3 regions of equal size with Gaussian noise added was divided into 1-6 clusters using
the VQ algorithm. Table 1 lists the number of bits needed to encode the label and the error, versus the number of
clusters. A minimum of 6.21 bits occurs at 3 clusters. Table 2 shows the MF algorithm results. A minimum again
occurs at 3 clusters but is deeper than that for the scalar quantizer. Table 3 lists the estimated (and true) parameters
of the 3-component mixture using the MF technique.

Table 1 VQ clustering results for 3 component Gaussian mixture

Number of Number of bits to represent Number of bits to represent Total number of
clusters, R the label map, B/(R) the error, By(R) bits B/(R) +B,(R)

1 0 6.35 6.35

2 1 5.34 6.34

3 1.58 4.63 6.21

4 2 4.32 6.32

5 2.32 3.99 6.32

6 2.58 3.68 6.27

Table 2 MF clustering results for 3 component Gaussian mixture

Number of Number of bits to represent Number of bits to represent Total number of
clusters, R the label map, B/(R) the error, B,(R) bits B,(R) + B,(R)
1 0 6.34 6.34
3 1.58 4.63 6.22
4 1.78 4.68 6.46
5 1.97 4.64 6.62
6 2.34 4.15 6.50

Table 3 Gaussian mixture parameters

Cluster | Probability Mean Standard Deviation
0 0.33(0.34) 33.81 (35.08) 25.88 (27.48)
1 0.34 (0.33) | 128.22 (128.61) 30.11 (31.83)
2 0.33 (0.33) | 222.63 (221.57) 25.75 (27.31)

5. Single-Band Image Example

Returning to Abu Simbel (Fig. 1), Table 4 lists the MF results over a range of R. As in the previous
example the description length first increases, then decreases reaching a minimum value of 5.94 bits at R=3
clusters. Table 5 gives the results for the VQ algorithm. Notice there is no minimum as above; instead the
description length increases monotonically as the number of clusters increases.



Table 4 MF clustering results for single-band image

Number of Number of bits Number of bits Total number of
clusters, R | torepresent the | to represent the | pits B)(R)+ B,(R)

label map, B)(R) | error, B,(R)

1 0 6.12 6.12
2 1 5.26 6.26
3 1.58 4.36 5.94
4 2 4.05 6.05
6 2.32 3.94 6.26
7 2.81 3.82 6.63

Table 5 VQ clustering results for single-band image

Number of Number of bits Number of bits Total number of
clusters, R to represent the | to represent the | pits B/(R)+B,(R)

label map, B)(R) | error, B,(R)

1 0 6.12 6.12
2 1 5.16 6.16
3 1.58 4.71 6.3
4 2 4.32 6.32
5 2.32 4.05 6.38
6 2.58 3.85 6.43
7 2.81 3.59 6.40
8 3.00 3.47 6.47
9 3.16 3.31 6.48

Instead of using the description length, an alternative objective function is proposed that always produces a
minimum. Define B;" =B,(R,,,) and B™ =B, (R,,), where R, <R =R, is the search range for clusters. The
objective function

max

" (R)= \/[Be(R)#Bem‘"]z +[B.#B™] (14)

measures the distance (in bits) between the parametric curve [B,(R),B,(R)] and the point [B"™,B™]. As shown in

Fig. 4 this function has a minimum for both the solid curve (A), which has a well-defined minimum description
length, as well as for the dotted curve (B), which does not.
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Fig. 2 Using a distance criterion to find the best clustering

Table 6 lists the distances for the single-band MF and VQ clustering results. The minimum distance occurs
at R=3 clusters for both the VQ and MF algorithms. (Cluster images were shown previously in Fig. 1c and le.)
Although the minimum occurs for the same number of clusters, the MF produces a shorter representation than the
VQ (5.94 vs. 6.3 bits/pixel on average), with clusters more closely corresponding to distinguishable surface features
as noted earlier.



Table 6 Qp(R) values for MF and VQ for single band image

6. Color Image Example

Number of MF values | VQ values
clusters, R

1 2.938455

2 1.762725 2.222767

3 1.676940 | 2.204497

4 2.014333 2.304435

5 2.325453 2.481480

6 2.670084

7 2.584963 2.837469

8 3.014537

9 3.172562

10 3.321928

In the previous examples, the number of clusters was swept linearly from 1 to R clusters. For multiband
data the number of quantization intervals/modes allocated to each PC is based on its entropy. To simplify bit
allocation and facilitate search from few to many clusters, the number of clusters is swept by powers of 2 over some
range.

a) lkonos color image over Abu Simbel (©
Space Imaging LLC)

¢) MF clustering result

b) VQ clustering result

Fig. 3 Three band I konos image results

Fig. 3a shows a color Ikonos image over a larger portion of the Abu Simbel scene. Tables 7 and 8 list the
VQ and MF clustering results. The best clustering occurs for 4 clusters with the VQ algorithm and 3 clusters with
the MF algorithm, which has a lower description length (6.63 vs. 7.05 bits) and generates clusters that better
correspond to surface features (Figs. 3b and 3c).

Table 7 VQ clustering results for color image

R| B(®) B(R) QB | "pR)
1 6.444463 0.000000 6.444463 2.996691
2 6.111729 1.000000 7.111729 2.845463
4 | 5.056994 | 2.000000 | 7.056994 | 2.567020
8 4.365767 3.000000 7.365767 3.137310
16 | 4.302618 4.000000 8.302618 4.090325
31 | 3.483075 4.954196 8.437272 4.954322

Table 8 MF clustering results for color image

R B(R B(R) AG I 1)

I | 6.444463 | 0.000000 | 6.444463 | 2.994578
2 | 5563794 | 1.000000 | 6563794 | 2.338506
3 | 5.048336 | 1584962 | 6.633298 | 2.251033




8 3.717448 3.000000 6.717448 3.011908
16 | 3.711658 4.000000 7.711658 4.008556
22 | 3.454993 4.459432 7.914425 4.459435

7. Cluster-Based Spectral Anomaly Detection

Anomaly detection provides a specific application context for evaluating the automatic clustering approach.
In the CBAD algorithm, if there are too many clusters, manmade objects will tend to be assigned their own clusters,
which has the effect of reducing Pd. On the other hand, if there are too few clusters, the algorithm does not have a
sufficient number of degrees of freedom to adapt to the different background types, which increases Pfa. For
anomaly detection, picking the best number of clusters should maximize performance.
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image R=2 clusters Pfa
¢) ROC curves for different numbers of
clusters

Fig. 4 Spectral anomaly detection example

Fig. 4a is a false color image containing several vehicles in a complex background. In the VQ algorithm,
manmade objects that occur infrequently relative to the background, tend not to form their own clusters. The
algorithm assigns these pixels to the nearest background cluster. Manmade objects, which tend to lie farther from the
center of their assigned cluster than natural features, can be detected by their higher Mahalanobis distances (Fig. 4b).
The minimum value of Qp(R) occurs at R=2 clusters (Table 9), which is the number of clusters that gives the best

detection performance (Fig. 4c¢).

Table 9 Automatic VQ clustering for object detection

R| B(R) B(R) " p(R)
1 4.669592 0.000000 1.844647
2 |4.098676 | 1.000000 | 1.619380
4 3.652204 2.000000 2.164337
8 3.435859 3.000000 3.061571
16 | 3.022615 4.000000 4.004881
32 | 2.861236 5.000000 5.000132

We conclude with a cluster-based change detection example (Fig. 5). An airplane in the first (reference)

image® (a) is gone in the second image (b). VQ cluster results (Table 10) indicate that the best number of clusters
R=2. The cluster map (c) shows the VQ algorithm has partitioned the image roughly into bare soil/concrete and
sparse vegetation, with the airplanes assigned to the sparse vegetation cluster. In the change detection output (d), the
largest change is the arrival of the plane.

? Image chips from Ikonos MSI imagery courtesy Space Imaging (http:/spaceimaging.com)
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Table 10 Automatic VQ clustering for change detection

R1 B(R B(R Qp(R

1 | 6.061997 | 0.000000 | 2.654756
2 | 5061173 | 1.000000 | 1.932742
4 | 4477447 | 2.000000 | 2268334
8 | 4.168978 | 3.000000 | 3.095197
16 | 3577834 | 4.000000 | 4.003636
31 | 3.460008 | 4.954196 | 4.954477

8. Summary

An information-theoretic method was described for automatically determining the best number of clusters.
The method was evaluated using two different clustering algorithms: a mode finder based on a scale-space
algorithm, and a vector quantizer. Synthetic, single- and multi-band image clustering examples were presented.
Clusterings produced by the mode finder better corresponded to distinguishable surface categories in the scene.
However the vector quantization appears to be better suited for anomaly detection as it groups manmade
object/change pixels in with the nearest background category. Examples were presented showing optimal clusterings

result in the best detection performance.
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